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🤔

"dynamic alignments"
Bahdanau et al. (2015)

"biological retina"

Larochelle and
Hinton (2010)

"inner attention"
Wang et al. (2016)

"memory networks"
Sukhbaatar et al. (2015)

🌟  
"transformers"

Vaswani et al. (2017)

🤖  
ChatGPT / "LLMs"

OpenAI (2022)

Large Language Models (LLMs)
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https://arxiv.org/pdf/1409.0473.pdf
https://papers.nips.cc/paper/2010/file/677e09724f0e2df9b6c000b75b5da10d-Paper.pdf
https://www.aclweb.org/anthology/P16-1122.pdf
https://papers.nips.cc/paper/2015/file/8fb21ee7a2207526da55a679f0332de2-Paper.pdf
https://arxiv.org/abs/1706.03762
https://arxiv.org/abs/1706.03762
https://openai.com/index/chatgpt/


[source]

175B

Major LLMs
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https://informationisbeautiful.net/visualizations/the-rise-of-generative-ai-large-language-models-llms-like-chatgpt/


Context Length++

2K

4



Capabilities
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Limitations

What happens as we increase the context length? Can we just keep increasing?
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What happens as we increase the context length? Can we just keep increasing?

Representational Collapse

As we add context tokens, the final
representation of "0" collapse to a single vector

Transformers need glasses! | Information over-squashing in language tasks. Barbero et al., NeurIPS 2024

Limitations
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https://proceedings.neurips.cc/paper_files/paper/2024/file/b1d35561c4a4a0e0b6012b2af531e149-Paper-Conference.pdf


What happens as we increase the context length? Can we just keep increasing?

Representational Collapse

As we add context tokens, the final
representation of "0" collapse to a single vector

Oversquashing

A lot of information from context tokens is forced
through a single, fixed-size bottleneck

Transformers need glasses! | Information over-squashing in language tasks. Barbero et al., NeurIPS 2024

Limitations
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https://proceedings.neurips.cc/paper_files/paper/2024/file/b1d35561c4a4a0e0b6012b2af531e149-Paper-Conference.pdf


As the number of tokens increase, the attention coefficients spread out (uniform distribution) 
 

output = softmax(q @ k.t()) @ v       output = v.mean(1)

Attention Dispersion

Softmax is not Enough (for Sharp Size Generalisation). Velickovic et al., ICML 2025

What happens as we increase the context length? Can we just keep increasing it?

Limitations
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https://arxiv.org/pdf/2410.01104
https://proceedings.neurips.cc/paper_files/paper/2024/file/b1d35561c4a4a0e0b6012b2af531e149-Paper-Conference.pdf
https://arxiv.org/pdf/2410.01104


What is going on?
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Generative Transformers
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Generative Transformers
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O = PV   ∈ Rn×d

Z = score(Q,K) ∈ Rn×n

P = π(Z) ∈ Rn×nattention(Q,K,V ) = π(QK )V⊤

query
Q ∈ Rn×d K ∈ Rn×d V ∈ Rn×d

keys values

Self-Attention

{
 maps scores to probabilities (row-wise)π
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O = PV   ∈ Rn×d

Z = score(Q,K) ∈ Rn×n

P = π(Z) ∈ Rn×nattention(Q,K,V ) = π(QK )V⊤

query
Q ∈ Rn×d K ∈ Rn×d V ∈ Rn×d

keys values

attention(Q,K,V ) = softmax(QK )V⊤

{
 maps scores to probabilities (row-wise)π

Self-Attention
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The culprit? Softmax

But what exactly is softmax?

The exp function is always positive ( )

All probabilities are positive

All "computation paths" are active

All "tokens" contribute

No focus at extreme lengths

> 0

softmax(z) =j exp(z )∑k k

exp(z )j

15



Softmax origins: probability simplex
△ =n p ∈ R ∣ p = 1{ +

n ∑i i }
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y

x
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△ =n p ∈ R ∣ p = 1{ +
n ∑i i }

(0, 1) (1, 0)
x

△2

Softmax origins: probability simplex



(0, 1) (1, 0)
x

△2

y

x
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△ =n p ∈ R ∣ p = 1{ +
n ∑i i }

△3

(1, 0, 0)(0, 0, 1)

(0, 1, 0)

Softmax origins: probability simplex

y

x

z



(0, 1) (1, 0)
x

y

x
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△2

y

x

△3

(1, 0, 0)(0, 0, 1)

(0, 1, 0)z

△4

△ =n p ∈ R ∣ p = 1{ +
n ∑i i }

Softmax origins: probability simplex



How can we map scores to probabilities?

y

x

z
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Easy! Map to the probability simplex!



Fundamental Theorem of Linear Programming
(Dantzig et al., 1955)

  (0, 1, 0)

 (0, 0, 1)

 (1, 0, 0)

How can we map scores to probabilities?

z = (0.3, 1.1, 0.5)

max z = p z
p∈△n

max ⊤

21

https://apps.dtic.mil/dtic/tr/fulltext/u2/604612.pdf


Fundamental Theorem of Linear Programming
(Dantzig et al., 1955)

p =⋆ p z
p∈△n

argmax ⊤

  (0, 1, 0)p⋆

z = (0.3, 1.1, 0.5)

 (0, 0, 1)

 (1, 0, 0)

How can we map scores to probabilities?

max z = p z
p∈△n

max ⊤
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https://apps.dtic.mil/dtic/tr/fulltext/u2/604612.pdf


p =⋆ p z −
p∈△n

argmax ⊤ Ω(p)

Entropy regularizer

argmax: Ω(p) = 0
  (0, 1, 0)p⋆

 (0, 0, 1)

 (1, 0, 0)

How can we map scores to probabilities?
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argmax:

softmax:

Ω(p) = 0

Ω(p) = p log p∑j j j

  (0, 1, 0)p⋆

 (0, 0, 1)

 (1, 0, 0)

Neg. Shannon entropy

p =⋆ p z −
p∈△n

argmax ⊤ Ω(p)

(it should be called "softargmax")

Entropy regularizer

How can we map scores to probabilities?
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argmax:

softmax:

sparsemax:

Ω(p) = 0

Ω(p) = p log p∑j j j

Ω(p) = ∣∣p∣∣2
1

2
2

  (0, 1, 0)p⋆

 (0, 0, 1)

 (1, 0, 0)
~ Gini entropy

Neg. Shannon entropy

p =⋆ p z −
p∈△n

argmax ⊤ Ω(p)
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Entropy regularizer

(Martins and Astudillo, 2016)

How can we map scores to probabilities?

https://arxiv.org/pdf/1602.02068.pdf


argmax:

softmax:

sparsemax:

-entmax:α

Ω(p) = 0

Ω(p) = p log p∑j j j

Ω(p) = ∣∣p∣∣2
1

2
2

Ω(p) = p
α(α−1)
1 ∑j j

α

sparsemax when α = 2

softmax when α→ 1

  (0, 1, 0)p⋆

 (0, 0, 1)

 (1, 0, 0)
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Tsallis entropy

~ Gini entropy

Neg. Shannon entropy

p =⋆ p z −
p∈△n

argmax ⊤ Ω(p)

Entropy regularizer

(Peters, Niculae, and Martins, 2019)

{

α→1

α=2

α→∞

How can we map scores to probabilities?

https://www.aclweb.org/anthology/P19-1146.pdf


p = exp(z)/ exp(z)∑
k

k
def softmax(z): 
  return z.exp() / z.exp().sum()

Computing -entmaxα
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p = max(0, (α− 1)z − τ) α−1
1

The output of  can also be evaluated easily:α-entmax(z)

for 
(sparsemax)

α = 2
p = max(0,z − τ)

p = exp(z)/ exp(z)∑
k

k
def softmax(z): 
  return z.exp() / z.exp().sum()

def sparsemax(z, tau): 
  return max(0, z - tau)

Computing -entmaxα
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p = max(0, (α− 1)z − τ) α−1
1

The output of  can also be evaluated easily:α-entmax(z)

for 
(sparsemax)

α = 2
p = max(0,z − τ)

such that p =∑i i 1

p = exp(z)/ exp(z)∑
k

k
def softmax(z): 
  return z.exp() / z.exp().sum()

def sparsemax(z, tau): 
  return max(0, z - tau)

Computing -entmaxα

a constant that ensures the whole expression sums to 1
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p = max(0, (α− 1)z − τ) α−1
1

The output of  can also be evaluated easily:α-entmax(z)

for 
(sparsemax)

α = 2
p = max(0,z − τ)

such that p =∑i i 1

😢 Finding the optimal  boils down to solving an optimization problem...

🤔 Why complicate so much? If we want sparsity, why not just doing top-k?

τ ∈ R

p = exp(z)/ exp(z)∑
k

k
def softmax(z): 
  return z.exp() / z.exp().sum()

def sparsemax(z, tau): 
  return max(0, z - tau)

Computing -entmaxα

a constant that ensures the whole expression sums to 1
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1.5-entmax
top-k

Slow to evaluate

Not GPU-friendly

Non-differentiable

Sparse

Easy to evaluate

GPU-friendly*

Differentiable

Sparse

sparsemax ( )α = 2

Easy to evaluate

GPU-friendly

Differentiable

Dense

softmax -entmaxα
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Long-context Generalization
with Sparse Attention

Pavlo Vasylenko Hugo Pitorro André F. T. Martins

📃   arxiv.org/abs/2506.16640

What happens with -entmax attention on long sequences?α

Marcos Treviso

32

https://arxiv.org/abs/2506.16640


Theoretical Findings

✅  Preserve representations ✅  Alleviate over-squashing
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Theoretical Findings

✅  Maintain focus (non-dispersion)

Softmax Entmax

34



Adaptive-Scalable -entmax (ASEntmax)α

What if entmax ignores too many relevant tokens? 

ASEntmax(Z) = α-entmax((δ + β(log n) )z)γ

scaling to counteract
excessive sparsification

 are learnable for each head and query.δ,β, γ

35



Positional Encoding for Sparse Attention

RoPE + -entmax = hard, periodic, frequency-specific attention windows

 hard cutoffs and "dead zones" that break long-range links

α

⟹
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Positional Encoding for Sparse Attention

RoPE + -entmax = hard, periodic, frequency-specific attention windows

 hard cutoffs and "dead zones" that break long-range links

α

⟹

🌟 NAPE (NoPE + ALiBi): half of the heads use NoPE, the other half use ALiBi

    - short-span focus

    - semantic-guided attention
ps: also good for softmax 37



Synthetic tasks

Multi-query Multi-token Associative Recall

Max Retrieval

copy, reverse, sort, 2-back, flip-flop in the paper with very similar trends38



Language Modeling

420M Transformer++ trained from scratch on ~10B tokens of DCLM-Edu

1B models show the same trend: ASEntmax outperforms on Lambada and on par on

other datasets

39



Language Modeling
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RULER – Needle in a haystack
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RULER – Needle in a haystack
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Context Length of Current LLMs

43



[source]

But...
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https://www.nextplatform.com/2022/12/01/counting-the-cost-of-training-large-language-models/


[source]

But...
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https://www.nextplatform.com/2022/12/01/counting-the-cost-of-training-large-language-models/


[source]

But...
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https://www.nextplatform.com/2022/12/01/counting-the-cost-of-training-large-language-models/


[source]

[source]

~112 homes per year /
~3M km / (8 L/km)

But...
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https://www.nextplatform.com/2022/12/01/counting-the-cost-of-training-large-language-models/
https://arxiv.org/abs/2211.02001


[source]

[source]

🚨 Just a single training run!

But...

~112 homes per year /
~3M km / (8 L/km)
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https://www.nextplatform.com/2022/12/01/counting-the-cost-of-training-large-language-models/
https://arxiv.org/abs/2211.02001


(Tay et al., 2020)

Efficient Attention to the Rescue
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https://arxiv.org/pdf/2009.06732.pdf


Dream spot:

Sparse

Adaptive

Flexible

(Tay et al., 2020)

Efficient Attention to the Rescue
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https://arxiv.org/pdf/2009.06732.pdf


Dream spot:

Sparse

Adaptive

Flexible

🚨  Not used in practice! Why? They trade-off accuracy for efficiency! 

(Tay et al., 2020)

Efficient Attention to the Rescue
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https://arxiv.org/pdf/2009.06732.pdf


The Types of Sparse Attention
Fixed Patterns

• Window: Local context (Longformer)
• Global: Special tokens (Longformer)
• Random: Random patterns (BigBird)

52

😕  Low Adaptivity

😕  Low Flexibility

😊  Full Differentiability

 time cost

 memory cost

O(n× k)

O(n× k)🚀



Fixed Patterns

• Window: Local context (Longformer)
• Global: Special tokens (Longformer)
• Random: Random patterns (BigBird)

53

😕  Low Adaptivity

Dynamic Selection

• Top-k: Highest scores (NSA)
• LSH: Hash similarity (Reformer)
• Cluster: Group similarity (Routing)

😕  Low Flexibility

😊  Full Differentiability

 time cost

 memory cost

O(n× k)

O(n× k)

 time cost

 memory cost

O(n log n)

O(n log n)

😊  High Adaptivity

😐  Medium Flexibility

😕  Approx or No Differentiability

🚀 🛩 

The Types of Sparse Attention



Fixed Patterns

• Window: Local context (Longformer)
• Global: Special tokens (Longformer)
• Random: Random patterns (BigBird)

54

😕  Low Adaptivity

Dynamic Selection

• Top-k: Highest scores (NSA)
• LSH: Hash similarity (Reformer)
• Cluster: Group similarity (Routing)

Sparse Distribution

• -entmax: natural sparse

transformation

•  controls sparisty

α

α

😕  Low Flexibility

😊  Full Differentiability

 time cost

 memory cost

O(n× k)

O(n× k)

 time cost

 memory cost

O(n log n)

O(n log n)

 time cost

 memory cost

but  in theory

O(n log n)2

O(n )2

O(n)

😊  High Adaptivity

😐  Medium Flexibility

😕  Approx or No Differentiability

😊  High Adaptivity

😊  High Flexibility

😊  Full Differentiability

🚀 🛩 🛵

The Types of Sparse Attention



Fixed Patterns

• Window: Local context (Longformer)
• Global: Special tokens (Longformer)
• Random: Random patterns (BigBird)
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😕  Low Adaptivity

Dynamic Selection

• Top-k: Highest scores (NSA)
• LSH: Hash similarity (Reformer)
• Cluster: Group similarity (Routing)

Sparse Distribution

• -entmax: natural sparse

transformation

•  controls sparisty

α

α

😕  Low Flexibility

😊  Full Differentiability

 time cost

 memory cost

O(n× k)

O(n× k)

 time cost

 memory cost

O(n log n)

O(n log n)

😊  High Adaptivity

😐  Medium Flexibility

😕  Approx or No Differentiability

😊  High Adaptivity

😊  High Flexibility

😊  Full Differentiability

🚀 🛩 🛵
 time cost

 memory cost

but  in theory

O(n log n)2

O(n )2

O(n)

The Types of Sparse Attention



Computing -entmaxα

(Peters, Niculae, and Martins, 2019)
(Martins and Astudillo, 2016)

 (sparsemax)α = 2

α = 1.5

p = max(0, (α− 1)z − τ) α−1
1

Requires sorting (not GPU-friendly)

Does not work for all values of α

such that p =∑i i 1
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https://www.aclweb.org/anthology/P19-1146.pdf
https://arxiv.org/pdf/1602.02068.pdf


⚡ Flash Attention
🌟  FA is released
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• Tiling: work with blocks rather than single vectors

• Online softmax: more FLOPs but more efficient
                                  while also being exact!

• Recomputation: how to backprop through this?
> recompute attention in the backward pass

⚡ Flash Attention

58



📃  arxiv.org/abs/2502.12082

Nuno Gonçalves Marcos Treviso André F. T. Martins

💻  github.com/deep-spin/adasplash 

# pip install adasplash
from adasplash import adasplash
 
y = adasplash(q, k, v, alpha=1.5, niter=3, is_causal=True)

1
2
3
4

⚡ AdaSplash:
Adaptive Sparse Flash Attention
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https://arxiv.org/abs/2502.12082
https://github.com/deep-spin/adasplash%E2%80%8B


Computing -entmaxα

α-entmax(z) = [(α− 1)z −i τ ]+
α−1
1

We need to find  in such a way that our vector sums to 1. τ

f(τ) = [(α−
i

∑ 1)z −i τ ] −+
α−1
1

1

This is a just a root-finding problem!
Our  will be the root of τ f(τ)
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Computing -entmaxα

Memory Compute

)load(z

m← max(z)
)store(m

)load(z

)load(z

)store(τ

)store(y

Bisection Update

y = [(α− 1)z − τ ] α−1
1
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Computing -entmaxα

Memory Compute

)load(z

m← max(z)
)store(m

)load(z

)load(z

)store(τ

)store(y

Bisection Update

y = [(α− 1)z − τ ] α−1
1

{Main Bottleneck!
Requires ~20 iterations ☹ 
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Can we do better than Bisection?

f (τ) =(m) (−1) [ (α−m

Γ −m+ 1(
α−1
1 )

Γ + 1(
α−1
1 )

i

∑ 1)z −i τ ]
+

−m
α−1
1

constant "shifted" power
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Can we do better than Bisection?

f (τ) =(m) (−1) [ (α−m

Γ −m+ 1(
α−1
1 )

Γ + 1(
α−1
1 )

i

∑ 1)z −i τ ]
+

−m
α−1
1

constant "shifted" power

Halley's Method

H (τ) =f τ −
2(f (τ)) − f(τ) f (τ)′ 2 ′′

2f(τ) f (τ)′

f (τ) =′ − [(α−
α− 1
1

i

∑ 1)z −i τ]+
1/(α−1)−1

f (τ) =′′ [(α−
α− 1
2 − α

i

∑ 1)z −i τ]+
1/(α−1)−2
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Proposed Solution

7x reduction on the number of iterations
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⚡ -entmax Flash Attentionα
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🚨  How to leverage sparsity to speed up computation?

⚡ -entmax Flash Attentionα

67



The goal is to keep refining  and and use the sparsity to
skip redundant  loads + computation.

τ

i

M =ij 1[P >ij 0]

68

⚡ AdaSplash:
Adaptive Sparse Flash Attention

"Dynamic" block mask
Keep track of which block

have non-zeros.



i

j

  (non-zero cols)Q =i {j ∣M =ij 1}
M =ij 1[P >ij 0]

  (non-zero rows)K =j {i ∣M =ij 1}

dQi

dKj

dV j

= dS ⋅K
j∈Qi

∑ i

(j)
j

= dS ⋅Q
i∈Kj

∑ i
(j)

i

= P ⋅ dO
i∈Kj

∑ i
(j)

i

69

⚡  Efficient backward pass!

⚡ AdaSplash:
Adaptive Sparse Flash Attention



i

j

  (non-zero cols)Q =i {j ∣M =ij 1}
M =ij 1[P >ij 0]

  (non-zero rows)K =j {i ∣M =ij 1}

dQi

dKj

dV j

= dS ⋅K
j∈Qi

∑ i

(j)
j

= dS ⋅Q
i∈Kj

∑ i
(j)

i

= P ⋅ dO
i∈Kj

∑ i
(j)

i
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⚡  Efficient backward pass!

(Martins and Astudillo, 2016)

⚡ AdaSplash:
Adaptive Sparse Flash Attention

https://arxiv.org/pdf/1602.02068.pdf


⚡ AdaSplash
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⚡ AdaSplash
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⚡ AdaSplash

8K context length
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⚡ AdaSplash

8K context length
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⚡ AdaSplash

8K context length

1K context length
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⚡ AdaSplash

8K context length

1K context length
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Sparsity of -entmax attentionα

Dense

Sparse

77



AdaSplash Sparsity
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Final Thoughts

  • Strong generalization
    - outperforms Mamba-3

  • On par, or better than softmax

  • Triton, not CUDA
 
  • Academic budget
 
  • v1

79



Future Directions

• Can we learn faster with sparse attention? ⚡
    - top-k attention apparently does [1]

    - data efficiency

 
• Mix dense and sparse attention � 
   - Early layers are dense

   - Final layers are sparse

 
• AdaPrefill and AdaDecoding � 
 
• New AdaSplash versions � 
   - Faster, better, more optimized
   - Stay tuned!

[1]  Ram et al., 2025 Transformers Learn Faster with Semantic Focus. 80

https://arxiv.org/abs/2506.14095
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Extra slides
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-entmax Attentionα

Extensively tested on many tasks and domains!

α-entmax(QK )V⊤

Interpretability [ , , , ...]1 2 3

Machine Translation [ , , , ...]1 2 3

Language Modeling [ , , , ...]1 2 3

Retrieval and Memory [ , , ]1 2 3

Emergent Communication [ , ]1 2

Conformal Prediction [ ]1

83

https://arxiv.org/pdf/2305.17075
https://proceedings.neurips.cc/paper_files/paper/2022/file/ea64883d500d31738cd39eb49a748fa4-Paper-Conference.pdf
https://aclanthology.org/2020.blackboxnlp-1.10.pdf
https://aclanthology.org/2022.wmt-1.60.pdf
https://arxiv.org/pdf/1909.00015
https://arxiv.org/pdf/1905.05702
https://arxiv.org/pdf/2004.02644
https://arxiv.org/pdf/2502.12082
https://arxiv.org/pdf/2506.16640
https://arxiv.org/pdf/2502.12082
https://arxiv.org/pdf/2411.08590?
https://arxiv.org/pdf/2402.13725
https://arxiv.org/pdf/2108.02658
https://proceedings.neurips.cc/paper/2020/file/887caadc3642e304ede659b734f79b00-Paper.pdf
https://arxiv.org/pdf/2502.14773


-entmax Attentionα

Extensively tested on many tasks and domains!

α-entmax(QK )V⊤

Interpretability [ , , , ...]1 2 3

Machine Translation [ , , , ...]1 2 3

Language Modeling [ , , , ...]1 2 3

Retrieval and Memory [ , , ]1 2 3

Emergent Communication [ , ]1 2

Conformal Prediction [ ]1

usually

α = 1.5 ≥ α = 2.0 ≈ α = 1.0 (softmax)
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https://arxiv.org/pdf/2305.17075
https://proceedings.neurips.cc/paper_files/paper/2022/file/ea64883d500d31738cd39eb49a748fa4-Paper-Conference.pdf
https://aclanthology.org/2020.blackboxnlp-1.10.pdf
https://aclanthology.org/2022.wmt-1.60.pdf
https://arxiv.org/pdf/1909.00015
https://arxiv.org/pdf/1905.05702
https://arxiv.org/pdf/2004.02644
https://arxiv.org/pdf/2502.12082
https://arxiv.org/pdf/2506.16640
https://arxiv.org/pdf/2502.12082
https://arxiv.org/pdf/2411.08590?
https://arxiv.org/pdf/2402.13725
https://arxiv.org/pdf/2108.02658
https://proceedings.neurips.cc/paper/2020/file/887caadc3642e304ede659b734f79b00-Paper.pdf
https://arxiv.org/pdf/2502.14773


Sparsemax  Attention ( )α = 2

,   S =i {j ∈ [n] : p >ij 0} τ =i τ(Kq )i

yi

 

 

= max q k − τ , 0 v
j=1

∑
n

( i
⊤

j i ) j

= q k − τ v

j∈Si

∑ ( i
⊤

j i) j

= q k v − τ v

j∈Si

∑ ( i
⊤

j) j i

j∈Si

∑ j

= v k q − τ v

j∈Si

∑ j ( j
⊤

i) i

j∈Si

∑ j

= v k q − τ v

j∈Si

∑ j j
⊤

i i

j∈Si

∑ j
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,   S =i {j ∈ [n] : p >ij 0} τ =i τ(Kq )i

yi

 

 

= max q k − τ , 0 v
j=1

∑
n

( i
⊤

j i ) j

= q k − τ v

j∈Si

∑ ( i
⊤

j i) j

= q k v − τ v

j∈Si

∑ ( i
⊤

j) j i

j∈Si

∑ j

= v k q − τ v

j∈Si

∑ j ( j
⊤

i) i

j∈Si

∑ j

= v k q − τ v

j∈Si

∑ j j
⊤

i i

j∈Si

∑ j

Y = (D ⊙QK )V − diag(τ )DV⊤

= D ⊙QK −D ⊙ τ1 V( ⊤ ⊤)

= D ⊙ (QK − τ1 ) V( ⊤ ⊤ )

= D ⊙ ( ) V( Q̄K̄
⊤ )

D =ij {1, if j ∈ Si

0, otherwise

vectorized format:

Sparsemax  Attention ( )α = 2
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Y = L⊙ (QK ) V( ⊤ ) Y = D ⊙ ( ) V( Q̄K̄
⊤ )

L = D =

Within an active support region (fixed ),

sparsemax attention is akin to selective and normalized linear attention!

D

What about 1.5-entmax? Mixture of first- and second-order interactions!

=> selective and normalized quadratic attention

Sparsemax  Attention ( )α = 2
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Self-Attention

attention(Q,K,V ) = π(score(Q,K))V

query
Q ∈ Rn×d K ∈ Rn×d V ∈ Rn×d

keys values
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Self-Attention

1.  Compute pairwise scores Z = score(Q,K) ∈ Rn×n

attention(Q,K,V ) = π(score(Q,K))V

query
Q ∈ Rn×d K ∈ Rn×d V ∈ Rn×d

keys values
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Self-Attention

1.  Compute pairwise scores Z = score(Q,K) ∈ Rn×n

P = π(Z) ∈ Rn×n

attention(Q,K,V ) = π(score(Q,K))V

query
Q ∈ Rn×d K ∈ Rn×d V ∈ Rn×d

keys values

2.  Map rows to probabilities
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1.  Compute pairwise scores Z = score(Q,K) ∈ Rn×n

P = π(Z) ∈ Rn×n

attention(Q,K,V ) = π(score(Q,K))V

query
Q ∈ Rn×d K ∈ Rn×d V ∈ Rn×d

keys values

2.  Map rows to probabilities

Z =M ⊙Z + ¬M ⊙ (−∞ )n×ncausal masking
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Self-Attention



1.  Compute pairwise scores Z = score(Q,K) ∈ Rn×n

P = π(Z) ∈ Rn×n

attention(Q,K,V ) = π(score(Q,K))V

query
Q ∈ Rn×d K ∈ Rn×d V ∈ Rn×d

keys values

2.  Map rows to probabilities

Self-Attention

softmax(z) =j   exp(z )/ exp(z )j ∑k k
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Multi-head Attention
Multiple attention heads allow the model to jointly attend to different representation subspaces

Different heads often specialize

to focus on different patterns!

multihead(Q,K,V ) = concat(head , ..., head )W1 h O

head =i attention(QW ,KW ,VW ) i
Q

i
K

i
V
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Absolute Positional Encoding
Attention is inherently order-agnostic. We need to add position information!

PE =(pos,2i) sin( )100002i/d
pos

PE =(pos,2i+1) cos( )100002i/d
pos

pos

i
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The Core of Transformers

Self-attention allows tokens  to attend to each other⟨x , ...,x ⟩1 n

Q =XW ∈Q Rn×d

K =XW ∈K Rn×d

V =XW ∈V Rn×d

Z = score(Q,K) ∈ Rn×n

P = π(Z) ∈ Rn×n

O = PV ∈ Rn×d

quadractic complexity
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The Core of Transformers

Self-attention allows tokens  to attend to each other⟨x , ...,x ⟩1 n

Z = score(Q,K) ∈ Rn×n

P = π(Z) ∈ Rn×n

O = PV ∈ Rn×d

Q =XW ∈Q Rn×d

K =XW ∈K Rn×d

V =XW ∈V Rn×d
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Sparse Attention
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Efficiency

Sparse transformer Longformer BigBird

Routing transformerReformer Our approach
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Sparsefinder

Gh
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Efficient Sparsefinder

• Learn projections of contiguous-chunked tokens: block-sparsity

v1: top-k queries and keys closest to each centroid

v2: top-k queries for each clusters x top-k keys for each cluster

k = number of attended blocks

window size = 3
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