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Large Language Models (LLMs)
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https://papers.nips.cc/paper/2010/file/677e09724f0e2df9b6c000b75b5da10d-Paper.pdf
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Capabilities

LLMs can process and
understand entire
books.

Multimodal

LLMs can interact with
various data types.

Tool use

LLMs can utilize
external tools to
accomplish tasks.

Agents

LLMs can act as
autonomous agents in
environments.

Write a novel

LLMs can generate
creative and engaging
novels.

Reasoning

LLMs can perform
logical deductions and
inferences.

Biology uses

LLMs have applications
in biological research.

RAG

LLMs can retrieve and
augment information for
better responses.



Limitations

What happens as we increase the context length? Can we just keep increasing?
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Representational Collapse
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Transformers need glasses! | Information over-squashing in language tasks. Barbero et al., NeurlPS 2024


https://proceedings.neurips.cc/paper_files/paper/2024/file/b1d35561c4a4a0e0b6012b2af531e149-Paper-Conference.pdf
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Oversquashing
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A lot of information from context tokens is forced
through a single, fixed-size bottleneck


https://proceedings.neurips.cc/paper_files/paper/2024/file/b1d35561c4a4a0e0b6012b2af531e149-Paper-Conference.pdf

Limitations

What happens as we increase the context length? Can we just keep increasing it?

Attention Dispersion

log2(num_items): 11
top_16_items: 16

batch: 32

As the number of tokens increase, the attention coefficients spread out (uniform distribution)

ewtpuyt— csoftmartagl Rkt L= output = v.mean(1)

Softmax is not Enough (for Sharp Size Generalisation). Velickovic et al., ICML 2025


https://arxiv.org/pdf/2410.01104
https://proceedings.neurips.cc/paper_files/paper/2024/file/b1d35561c4a4a0e0b6012b2af531e149-Paper-Conference.pdf
https://arxiv.org/pdf/2410.01104

What is going on?




Generative Transformers
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Generative Transformers

Multi-head
Attention
Module
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Self-Attention

query keys
Q c RnXd K € RnXd

attention(Q, K,V) =n(QK "V

values
V c RnXd

Z = score(Q, K) € R™*"
P =n(Z) e R™"

O = PV c R4
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Self-Attention

query keys
Q c RnXd K € RnXd

attention(Q, K,V) =n(QK "V

attention(Q, K,V) = SoftmaX(QKT)V

values
V c Rv*4

Z = score(Q, K) € R™*"
P =n(Z) e R™"

O = PV c R4
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The culprit? Softmax

But what exactly is softmax?

exp(z;)

B 1 €XP(2k)

e The exp function is always positive (> 0)

softmax(z);

= All probabilities are positive
= All "computation paths" are active
= All "tokens" contribute

= No focus at extreme lengths

15



Softmax origins: probability simplex

An:{pERi | qupizl}




Softmax origins: probability simplex
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Softmax origins: probability simplex
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Softmax origins: probability simplex

An:{p€R1 | Zipz'zl}
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O
———————eeeel-9-0-0
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Ay
(0,0,1) (1,0,0)
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How can we map scores to probabilities?

Easy! Map to the probability simplex!

20



How can we map scores to probabilities?

maxz = max p' z
j ASWAW

® z=(0.3,1.1,0.5)

Fundamental Theorem of Linear Programming
(Dantzig et al., 195%)


https://apps.dtic.mil/dtic/tr/fulltext/u2/604612.pdf

How can we map scores to probabilities?

maxz = maxp z —> P’ =argmaxp z

PE Lo pel,

@ z2=1(0.3,1.1,0.5)

Fundamental Theorem of Linear Programming
(Dantzig et al., 195%),


https://apps.dtic.mil/dtic/tr/fulltext/u2/604612.pdf

How can we map scores to probabilities?

r? Entropy regularizer

p* = argmaxp'z — Q(p)
pe i,

@ argmakx: Q(p) =0 l
p* (0,1,0)

(1,0,0)
(0,0, 1)
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How can we map scores to probabilities?

r? Entropy regularizer

p* = argmaxp'z — Q(p)
pe i,

@ argmakx: Q(p) =0 l
p* (0,1,0)

o SOftmaX. Q(p) — Z] p] logpj Neg. Shannon entropy

(it should be called "softargmax") O

(1,0,0)
(0,0, 1)
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How can we map scores to probabilities?

r? Entropy regularizer

p* = argmaxp' z — Q(p)
pely,
@ argmakx: Q(p) =0 l
p* (0,1,0)
® SOftmaX, Q(p) = Z] pj IngJ Neg. Shannon entropy .
- 0 1 2 O
® sparsemax: (p) = 5||p||3 -cinientropy BN

(1,0,0)
(0,0, 1)

(Martins and Astudillo, 2016) o5


https://arxiv.org/pdf/1602.02068.pdf

How can we map scores to probabilities?

r? Entropy regularizer
*

p* = argmaxp' z — Q(p)
 ASPAV

® argmax: Q(p) =0 l

p* (0,1,0)

o SOftmaX. Q(p) — Z] p] IngJ Neg. Shannon entropy .‘

® sparsemax: Q(p) = 5||p|3 -cnienop N

® a-entmax: Q(p) — ﬁ Z] p? Tsallis entropy 0,0,1)

{ softmax whena — 1

sparsemax when o =2 (Peters, Niculae, and Martins, 2019) 26


https://www.aclweb.org/anthology/P19-1146.pdf

Computing a-entmax

= exp(z /Z exp(z

27



Computing a-entmax

def softmax(z):
— eXp / E eXp return z.exp() / z.exp().sum()
The output of a-entmax(z) can also be evaluated easily:

1
—_ _ _ — \ _ def sparsemax(z, tau):
p = max(0, (a — 1)z — 7)1 7 p= max(0,z — T) renen a0 g o e
ora =

(sparsemax)
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Computing a-entmax

def softmax(z):
P — exp(Z)/ E " eXp(Z)k return z.exp() / z.exp().sum()

The output of a-entmax(z) can also be evaluated easily:

def sparsemax(z,

b= IIlaX(O, (a - 1)z - 7-)ﬁ > P = maX(O, z = T)
fora =2
l (sparsemax)

return max(0,

suchthat) . p, =1

\\% a constant that ensures the whole expression sums to 1

tau):
z - tau)
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Computing a-entmax

def softmax(z):
— eXp / E eXp return z.exp() / z.exp().sum()

The output of a-entmax(z) can also be evaluated easily:

1
1

p =max(0, (o — 1)z —7)a-

def sparsemax(z, tau):

> p=max(0,z —7)

return max(0, z - tau)

fora =2
l (sparsemax)

suchthat) . p, =1

\\% a constant that ensures the whole expression sums to 1

& Finding the optimal 7 € R boils down to solving an optimization problem...

& Why complicate so much? If we want sparsity, why not just doing top-k?

30



softmax

Easy to evaluate
GPU-friendly
Differentiable

Dense

top-k

Slow to evaluate
Not GPU-friendly
Non-differentiable

Sparse

a-entmax

sparsemax (a = 2)

Easy to evaluate
GPU-friendly*
Differentiable

Sparse

1.5-entmax

31



Long-context Generalization
with Sparse Attention

Pavlo Vasylenko Hugo Pitorro André F. T. Martins Marcos Treviso

What happens with a-entmax attention on long sequences?

arxiv.org/abs/2506.16640

32


https://arxiv.org/abs/2506.16640

Theoretical Findings

Proposition 2 (Representational Preservation and Reduced Gradient Paths). Let o > 1. Consider a
depth-L transformer with residual connections and attention weights given by a-entmax. Suppose
each attention distribution has support size at most s with s < n. Then:

1. (Preserved representations) There exist input families v(©) € R"*? gnd v*(©) e R+ %4 gpg q
constant ¢ > 0 such that ||v,(lL) = v:g‘_['f 1 > cforall n; i.e., a-entmax can maintain distinct

token representations as n — oQ.

2. (Alleviated over-squashing) The number of effective gradient paths scales as O(s') (rather
than O(n') under softmax), alleviating over-squashing via stronger gradient signals.

Preserve representations Alleviate over-squashing
-eo - Softmax  —m— Entmax a=1.5 —ia— Entmax a=1.75 —&— Entmax 0=2.0
. . . . o . * .
£ 2
O '\ A A A N\ A A A
pza
: 1 ._"""--.
— a m W o
0 o= - O == - —=—- O ———- O ———- o-———- - —=—- ® _)
Yy
7 8 9 10 1 12 13 14 ;
2 2 2 2 2 2 2 2

Sequence Length (n)
m—— Softmax: many weak paths a-entmax: few strong paths
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Theoretical Findings

Proposition 1 (Dispersion Properties of Attention Mechanisms). Comparing softmax and a-entmax
(o > 1) attention mechanisms: Maintain focus (non-dispersion)

1. a-entmax can retain probability, while softmax always leaks: For any o > 1 and any logits
z € R", there are logits z* € RN with N > n such that:

a-entmax(z); = a-entmax(z*); Vi<n. %)
This is impossible for a = 1 (softmax), for which we always have softmax(z); < softmax(z*);.

2. Softmax exhibits complete dispersion: For any fixed temperature 0 > 0 and any bounded
sequence of logits (2, )nen:

H(softmax(21.,/0))
n—00 10g n B

1. (6)

3. a-entmax can exhibit strong concentration resilience: When the support size grows sublinearly
as |S| = O(nP) with B < 1, a-entmax maintains bounded normalized entropy:

. H(a-entmax(z.,))
m logn sb<l. @ Softmax Entmax




Adaptive-Scalable a-entmax (ASEntmax)

What if entmax ignores too many relevant tokens?

ASEntmax(Z) = a-entmax((d + S(logn)?)z)

D

scaling to counteract

excessive sparsification
d, 8, are learnable for each head and query.

Layer 2, Head 11 Layer 3, Head 4 Layer 6, Head 10 Layer 8, Head 12 Layer 7, Head 5
0.90 100 | — Bn(R=0.28) 0.90 —— Bn (R*=0.01) 090 105 1 gn(R=0.13)
—— 6+ Blogn (R*=0.59) 0.85 —— 6+ Blogn (R*=0.18) —— &+ Blogn (R*=0.40)
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0.75 Bn (R*=0.67) . 0 0.70 —— Bn (R?=0.81)
.75 .
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—_— 5+ ¥ (R2=0. 0.70 i Y (R?=0.
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Positional Encoding for Sparse Attention

RoOPE + a-entmax = hard, periodic, frequency-specific attention windows

— hard cutoffs and "dead zones" that break long-range links

Head 1 Head 2 Head 3 Head 4

125 | e~ NoPE
—o— ALiBi
—e— ROPE

50

Attended Centroid
Attended Centroid
Attended Centroid

Attended Centroid

25

Query Position

Query Position Query Position Query Position



Positional Encoding for Sparse Attention

RoOPE + a-entmax = hard, periodic, frequency-specific attention windows

— hard cutoffs and "dead zones" that break long-range links

Head 1 Head 2 Head 3 Head 4

125 | e~ NoPE
—o— ALiBi
—e— ROPE

50

Attended Centroid

Attended Centroid
Attended Centroid
Attended Centroid

25

Query Position Query Position Query Position Query Position

NAPE (NoPE + ALiBi): half of the heads use NoPE, the other half use ALIBi

- short-span focus

- semantic-guided attention

ps: also good for softmax



Synthetic tasks

Multi-query Multi-token Associative Recall

? 100% \ - Softmax
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Sequence Length (n)

Max Retrieval
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copy, reverse, sort, 2-back, flip-flop in the paper with very similar trendsg



Language Modeling

e 420M Transformer++ trained from scratch on ~10B tokens of DCLM-Edu

Method Lambada (PPL) Lambada Hellaswag PIQA Arc-C WinoGrande OpenbookQA

Softmax 52.4 30.9 33.1 65.1 25.6 49.5 28.2
SSMax 48.9 31.6 32.9 65.1 25.0 51.5 30.4
Entmax 479 32.1 32.8 63.6 24.6 50.9 29.0
ASEntmax 41.6 34.3 334 63.8 26.0 50.0 28.6

e 1B models show the same trend: ASEntmax outperforms on Lambada and on par on
other datasets

39



Language Modeling

ArXiv (ID) ArXiv (OOD)  PubMed (ID)  PubMed (OOD)
Model IK 2K 4K 8K 16K 1K 2K 4K 8K 16K
Softmax  20.82 16.47 13.74 12.69 1270 1836 1734 1531 15.61 18.73
SSMax 2081 1644 1341 1195 12.00 1813 17.10 14.87 14.11 15.36
Entmax  23.40 18.57 1536 14.02 14.68 2233 21.14 1894 1831 20.29
ASEntmax 20.64 16.30 13.15 11.19 10.77 18.15 17.09 14.66 13.48 14.48
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RULER - Needle in a haystack

S-NIAH-1 (ID) S-NIAH-1(OOD) S-NIAH-2(ID) S-NIAH-2 (OOD)
Model IK 2K 4K 8K 16K 1K 2K 4K 8K

Softmax 1000 994 942 114 0.8 100.0 1000 4.3 0.0
SSMax 100.0 998 992 92.0 752 994 992 644 14.8
Entmax 998 998 8.0 216 12 99.6 994 648 7.2
ASEntmax 99.6 100.0 100.0 998 974 994 994 83.2 254
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RULER - Needle in a haystack

S-NIAH-1 (ID) S-NIAH-1(OOD) S-NIAH-2(ID) S-NIAH-2 (OOD)
Model IK 2K 4K 8K 16K 1K 2K 4K 8K

Softmax 1000 994 942 114 0.8 100.0 1000 4.3 0.0
SSMax 100.0 998 992 92.0 752 994 992 644 14.8
Entmax 998 998 8.0 216 12 99.6 994 648 7.2
ASEntmax 99.6 100.0 100.0 998 974 994 994 83.2 254

Model (1.5B) NIAH-Single-1 NIAH-Single-2
Context Length 1024 2048 4096 1024 2048 4096
Transformer 100.0 100.0 0.0 92.2 100.0 0.0

Gated DeltaNet 100.0 100.0 99.8 100.0 93.8 49.8
Mamba-2 100.0 99.6 62.0 100.0 o53.8 11.8
Mamba-3 100.0 100.0 88.2 100.0 95.4 50.6
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Context Length of Current LLMs
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But...

Jump Chinchilla Jump Cs-2 Days To Jump Price To Jump Cost Per 1M

Model Parameters Factor Tokens (B) Factor Config Train Factor Train Factor Parameters
GPT-3XL 13 26 4*(C8-2 04 52,500 5192
GPT-] 6 46X 120 46X 4*(5-2 8 200X 545,000 18.0X 57.50
GPT-36.7B 6.7 11X 134 L1X 4*(C5-2 11 14X 540,000 09X 55.97
T-511B 1 lLeX a4 03X | 4%CS-2 9 08X $60,000 L5 X S5.45
GPT-313B 13 12X 260 76X 4*(C5-2 39 43X 5150,000 25X 51154
GPT NeoX 20 15X 400 15X 4*(C5-2 47 12X 5525,000 35X 526.25
GPT NeoX 20 15X £00 15X |Is*CS-2 1.1 03X 5656250 44X 532.81
GPT70B 70 35X 1400 35X 4*(C5-2 85 18X  $52500,000 48X 535.71
GPT 708 70 25X 1400 J5X 16*C85-2 213 03X S$3125000 60X S4464
GPT175B 175 25X 3,500 25X 4*(C5-2 1105 13X $8750.000 35X $50.00
GPT i758 17 25X 1500 25X 1I6*C82 276 03X $10937500 44X S62.50

[source]


https://www.nextplatform.com/2022/12/01/counting-the-cost-of-training-large-language-models/
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GPT-36.7B 6.7 11X 134 L1X 4*(C5-2 1} 14X 540,000 09X 55.97
T-511B n lLeX a4 03X | 4%CS-2 9 08X S60,000 L5 X S5.45
GPT-313B 13 12X 260 76X 4*(C5-2 39 43X 5150,000 25X 51154
GPT NeoX 20 15X 400 15X 4*(C5-2 47 12X 5525,000 35X 526.25
GPT NeoX 20 15X £00 15X |Is*CS-2 1.1 03X | 5656250 44X 532.81
GPT70B 70 35X 1400 35X 4*(C5-2 85 18X | 52500,000 48X 535.71
GPT 708 0 25X 1400 J5X 16*C85-2 213 03X | $3125000 60X S4464
GPT175B 175 25X 3,500 25X 4*(C5-2 1105 13X | $8750.000 35X $50.00
GPT i758 175 25X 1500 25X 16*C8- 2| 276 03X §10937500 44X S62.50

[source]
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But...

Jump Chinchilla Jump Cs-2 Days To Jump Price To Jump Cost Per 1M
Model Parameters Factor Tokens (B) Factor Config Train _ Factor Train Factor Parameters
GPT-3XL 13 26 4*(C5-2 0.4 52,500 5192
GPT-] 6 46X 120 46X 4 *(5-2 8 200X 545,000 18.0X 57.50
GPT-36.7B 6.7 11X 134 1L1X 4*(CS8-2 1 14X 540,000 09X 55.97
T-511B il 16X 24 03X | 4*C5-2 9 08X $60,000 15X S5.45
GPT-313B 13 1.2X 260 76X 4*(C5-2 39 43X 5150.000 25X 511.54
GPT NeoX 20 L5 X 400 L5 X 4*(C5-2 47 12X 5525,000 35X 526.25
GPT NeoX 20 15X 400 15X |16 *CS-Z il 03X | 5656250 44X 532.81
GPT 70B 70 35X 1,400 35X | 4*C5-2 85 18X | 52500,000 48X 535.71
GPT 708 i 25X 1.400 25X |16 * C5-2 kS 03X | $3125000 60X S4464
GPT175B 175 25X 3.500 25X 4 *5-2 o5 13X | SEBO0000 35X S50.00
GPT 1758 175 25X 2,500 258 16*C8-F 276 03X $10937500 44X S62.50
[source]
Model Number of | Datacenter | Carbon intensity Power CO,eq CO,eq
name parameters PUE of grid used consumption | emissions | emissions x PUE
GPT-3 175B 1.1 429 gCOseq/kWh | 1287 MWh | 502 tonnes 552 tonnes ~112 homes per year /
Gopher 280B 1.08 330 gCO2eq/kWh 1,066 MWh | 352 tonnes 380 tonnes ~3M km / (8 L/km)
OPT 175B 1.09 231gCOeq/kWh 324 MWh 70 tonnes 76.3 tonnes
BLOOM 1768 1.2 57 gCO»eq/kWh 433 MWh 25 tonnes 30 tonnes
[source]
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GPT NeoX 20 L5 X 400 L5 X 4*(C5-2 47 12X 5525,000 35X 526.25
GPT NeoX 20 15X 400 15X |16 *CS-Z il 03X | 5656250 44X 532.81
GPT 70B 70 35X 1,400 35X | 4*C5-2 85 18X | 52500,000 48X 535.71
GPT 708 i 25X 1.400 25X |16 * C5-2 kS 03X | $3125000 60X S4464
GPT175B 175 25X 3.500 25X 4 *5-2 o5 13X | SEBO0000 35X S50.00
GPT 1758 175 25X 2,500 258 16*C8-F 276 03X $10937500 44X S62.50
[source]
Model Number of | Datacenter | Carbon intensity Power CO,eq CO,eq
name parameters PUE of grid used consumption | emissions | emissions x PUE
GPT-3 175B 1.1 429 gCOseq/kWh | 1287 MWh | 502 tonnes 552 tonnes ~112 homes per year /
Gopher 280B 1.08 330 gCO2eq/kWh 1,066 MWh | 352 tonnes 380 tonnes ~3M km / (8 L/km)
OPT 175B 1.09 231gCOeq/kWh 324 MWh 70 tonnes 76.3 tonnes
BLOOM 1768 1.2 57 gCO»eq/kWh 433 MWh 25 tonnes 30 tonnes
[source]

@ Just a single training run!

48


https://www.nextplatform.com/2022/12/01/counting-the-cost-of-training-large-language-models/
https://arxiv.org/abs/2211.02001

Efficient Attention to the Rescue

Transformer-XL
(Dai et al., 2019)

R

Compressive

Transformer
(Rae et al., 2018)

urrence

Performer
(Choromanski et al., 2020)

Set Transformer
(Lee etal., 2019)

Low Rank /
Linf
ey Kernels

Compressed
(Liuetal, 2018)

Longformer Routing
ETC (Beltagy et al., 2020) Transformer
. —— (Roy et al.,, 2020)
Linear SyntheS|zer (Ainslie et al., 2020)
Transformer (Tavetal, 20209

Big Bird

(Katharopoulos et al., 2020) (Zaheer et al., 2020)
-

Fixed/Factorized/ = g hom
Random Patterns ' Transformer

(Tay et al,, 2020b)

Reformer

Blockwise Transformer (Kitaev et al., 2020)

(Qiu et al., 2019)

Sparse Transformer
Image Transformer (CHICEERRR)
(Parmar et al., 2018)

Axial Transformer
(Ho etal., 2019)

(Tay et al., 2049
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Efficient Attention to the Rescue

Transformer-XL
(Dai et al., 2019)

R

Compressive

Transformer
(Rae et al., 2018)

urrence

Performer
(Choromanski et al., 2020)

Set Transformer
(Lee etal., 2019)

Dream spot:

Low Rank / >parse

Linformer
(Wang et al., 2020b) Kern9|s

Compressed
(Liuetal, 2018)

Adaptive

Longformer Routing
ETC (Beltagy et al., 2020) Transformer .
Linear Synthesizer (Ainslie et al 2020) LA Flexible
Transformer BT

Big Bird

(Katharopoulos et al., 2020) (zaheer et al., 2020,
-

Fixed/Factorized/ = g hom
Random Patterns ' Transformer

(Tay et al,, 2020b)

) Reformer
Blockwise Transformer (Kitaev et al., 2020)
(Qiu et al., 2019)

Sparse Transformer
Image Transformer (CHICEERRR)

(Parmar et al., 2018)

Axial Transformer
(Ho et al., 2019)

(Tay et al., 205D
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Efficient Attention to the Rescue

Transformer-XL
(Dai et al., 2019)

R

Compressive

Transformer
(Rae et al., 2018)

urrence

Performer
(Choromanski et al., 2020)

Set Transformer
(Lee etal., 2019)

Dream spot:

Sparse

Low Rank /
Linformer Kernels

(Wang et al., 2020b)

Compressed
(Liuetal, 2018)

Adaptive

Routing

Transformer,
(Roy et al.,, 2020)

Longformer
(Beltagy et al., 2020)

ETC

(Ainslie et al., 2020)

Big Bird

(Zaheer et al., 2020)

Flexible

Linear Synthesizer

Transformer (Tayetsl, z0202)
(Katharopoulos et al., 2020)

Fixed/Factorized/ = g hom
Random Patterns ' Transformer

(Tay et al,, 2020b)

) Reformer
Blockwise Transformer (Kitaev et al., 2020)
(Qiu et al., 2019)

Sparse Transformer

Image Transformer (CHICEERRR)
(Parmar et al., 2018)

Axial Transformer
(Ho etal., 2019)

@ Not used in practice! Why? They trade-off accuracy for efficiency!

(Tay et al., 2025
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The Types of Sparse Attention

Fixed Patterns

* Window: Local context (Longformer)
* Global: Special tokens (Longformer)
* Random: Random patterns (BigBird)

©@ Low Adaptivity

@ Low Flexibility

© Full Differentiability

_ O(n x k) time cost
# O(n x k) memory cost
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The Types of Sparse Attention

Fixed Patterns

* Window: Local context (Longformer)
* Global: Special tokens (Longformer)
* Random: Random patterns (BigBird)

©@ Low Adaptivity

©@ Low Flexibility

© Full Differentiability

&9 O(n x k) time cost
# O(n x k) memory cost

Dynamic Selection

* Top-k: Highest scores (NSA)
* LSH: Hash similarity (Reformer)
* Cluster: Group similarity (Routing)

@ High Adaptivity
©@ Medium Flexibility
@ Approx or No Differentiability

O(nlogn) time cost

@ ,

O(nlogn) memory cost
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The Types of Sparse Attention

Fixed Patterns

* Window: Local context (Longformer)
* Global: Special tokens (Longformer)
* Random: Random patterns (BigBird)

©@ Low Adaptivity

©@ Low Flexibility

©@ Full Differentiability

&9 O(n x k) time cost
4 O(n x k) memory cost

Dynamic Selection

* Top-k: Highest scores (NSA)
* LSH: Hash similarity (Reformer)
* Cluster: Group similarity (Routing)

@ High Adaptivity
©@ Medium Flexibility
@ Approx or No Differentiability

O(nlogn) time cost

@

O(nlogn) memory cost

Sparse Distribution

* a-entmax: natural sparse
transformation

* o controls sparisty

© High Adaptivity
©@ High Flexibility
©@ Full Differentiability

; O(n?logn) time cost
[
@b O(n?) memory cost

but O(n) in theory
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The Types of Sparse Attention

Fixed Patterns

* Window: Local context (Longformer)
* Global: Special tokens (Longformer)
* Random: Random patterns (BigBird)

©@ Low Adaptivity

©@ Low Flexibility

©@ Full Differentiability

&9 O(n x k) time cost
4 O(n x k) memory cost

Dynamic Selection

* Top-k: Highest scores (NSA)
* LSH: Hash similarity (Reformer)
* Cluster: Group similarity (Routing)

@ High Adaptivity
©@ Medium Flexibility
@ Approx or No Differentiability

O(nlogn) time cost

@

O(nlogn) memory cost

Sparse Distribution

* a-entmax: natural sparse
transformation

* o controls sparisty

© High Adaptivity
©@ High Flexibility
©@ Full Differentiability

4 O(n?logn) time cost
& O(n*) memory cost
but O(n) in theory
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Computing a-entmax

p = max(0, (o — 1)z —7)

1
a=1  suchthat) . p;=1

N~

® a=-1.5

Sort z, yielding z(g) < --- < 2p1]; set 2 <— 2/2
forpel,...,ddo

® o = 2 (sparsemax)

M(p) < Yo 320 1215

S (p) ¢ X5 (211 — M(p))°

7(p) « M(p) — /Y/o (1 = S(p))

if 2,41 < 7(p) < 2|, then
return p* = [z — T l]i_

Input: =z
Sort z as Z(1) 2 -+ 2 Z(K)
Find k(z) := max{k € K] [ 1+kzw > > < z(j)}

Define 'r(z) — (Ea‘ékéz(;)zm)—l

Output: p s.t. p; = [z; — 7(2)]+.

(Peters, Niculae, and Martins, 2019)

(Martins and Astudillo, 2016)

e Does not work for all values of o

e Requires sorting (not GPU-friendly)
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Flash Attention

Context Length (tokens) - Log10 Scale

FA is released

T
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I
|
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|
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I
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|
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.. BERT (Iar' T5 (base) '
:
|
I
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Release Date
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R

- Flash Attention

* Tiling: work with blocks rather than single vectors

* Online softmax: more FLOPs but more efficient
while also being exact!

« Recomputation: how to backprop through this?
> recompute attention in the backward pass

Attention on GPT-2

Outer Loop

K:dxN

Inner Loop

sm(QK"V: Nx d

—_——

Copy Block to SRAM

on SRAM

Quter Loop

doo Jauy|

Output to HBEM

Inner Loop

FlashAttention

FlashAttention Memory Reduction

w
I Matmul $ 20
154 = -
[
Dropout E 15 -
£10- - =
. Softmax N
£ : £10-
[ T =]
5 . . Fused 2
Mas Kernel 2
d — > 57
] Matmul g
0- ]
PyTorch FlashAttention = -

128

256

512 1024
Sequence Length

2048

4096

dooi21nQ
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AdaSplash:
Adaptive Sparse Flash Attention

Nuno Goncalves Marcos Treviso André F. T. Martins

arxiv.org/abs/2502.12082
M sithub.com/deep-spin/adasplash

from adasplash import adasplash

y = adasplash(qgq, k, v, alpha=1.5, niter=3, is causal=True)
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Computing a-entmax

1
a—1

a-entmax(z) = [(a — 1)z; — @

We need to find 7 in such a way that our vector sums to 1.

‘ 1

F(r) =Y la— Dz~ 77T ~1

1

This is a just a root-finding problem!
Our 7 will be the root of f(7)
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Computing a-entmax

Memory Compute
load
0ad(2) |
J m < max(z)
store(m)
load(z)
>l
J Bisection Update
store(T)

load(z)

N
store(y) J y=[(a—1)z — 7]




Computing a-entmax

Memory Compute
load
oad(z) ol
J m < max(z2)
store(m)
load(z)
Main Bottleneck! " S
_ . . Bisection Update
Requires ~20 iterations & store(7)
load
oad(z) ol
— (o — 1)z — 7]o=
store(y) J y=[(a—1)z—T]




Can we do better than Bisection?

constant "shifted" power
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Can we do better than Bisection?

M(e +1) 3 om
o— 1)z, — ]
I‘(—all —m—i—l) - [(a )@ =7 + ﬂ
con';tant "shifted" power

Halley's Method

2f(7) £'(7)

B (™) =7 = 3 my = fio) 7o)

= ——— Z [(O_/ _ 1)21' . 7_] i/(al)l f”(T) _ 2—« Z [(Oé B 1)22_ . T} i/(a—l)—Z

oa—1
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Proposed Solution

LN —e— Bisection (Output)
1()_4 o "*0\. - ®-- Bisection (Gradient)
) \.._.\ \.~ —@— Halley-bisection (Output)
5 10—5 .\ ‘-.‘\ —® - Halley-bisection (Gradient)
.E .\ ~.\
(o) LN
S 6 o_ e
= AN :
=10 o e
o .\\ e ~
= ® °
L -7 ~e \\.
_'O_J‘ 1 0 \. \\'.
= Ne. e
8 -8 \l N ()
a 10 Ne. e
< \. \\.
c ~ N
g 107 g
'‘®.
= \.\ "‘-o,x‘.
10 00~ 0—0-0:-0--0— 0-0 ~0--0- 0= 0 —0 —0- -0~ 5 8 —0 =958
e
10 0—0—0—0—0—0—0—0—0—0—0—0—0—0—0—0—0—0—0—=0=g=—0
5 10 15 20 25

Number of Iterations

7x reduction on the number of iterations



a-entmax Flash Attention

Algorithm 1 a-entmax Attention Kernel

Require: Fast shared memory of size M, sparsity control o € (1, o0].
Input: Q € RV*? keys K € RV*4 and values V € RV*4,
1: Initialize O = (0) yxqg € RV*4, 7 = (0)5 € RY in slow memory.
2: Divide Q, T, O into T blocks of size [ %]
3: Divide K, V into 1 blocks of size [%]
4: for1 <i <7, do

5. Load Q;, O;, T; from slow to fast memory
6:  Compute T; () on fast memory via Halley-bisection
7. for1<j3<7T.do
8: Load K, V; from slow to fast memory
9: Compute Z;; = Qin
10: Compute Pij = max(O, (Od — ].)Zl_7 — Ti)l/(a_l)
11: Write O; = O; + P;;V; to slow memory
12:  end for
13: end for
14: Return O.
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a-entmax Flash Attention

Algorithm 1 a-entmax Attention Kernel

Require: Fast shared memory of size M, sparsity control o € (1, o0].
Input: Q € RV*? keys K € RV*4 and values V € RV*4,

1:

ki
nll S T

CRXIXIDIRRERN

Initialize O = (0) yxq € RVX4 7 = (0) 5 € RY in slow memory.

Divide Q, 7, O into T, blocks of size [‘Zf ]

Divide K, V into T, blocks of size [%]
forl1 <:<7T,do
Load Q;, O;, T; from slow to fast memory
Compute 7; () on fast memory via Halley-bisection
for1 <j;<7T.do
Load K, V; from slow to fast memory
Compute Z;; = Qin
Compute Pij = max(O, (Od — ].)Zl_7 — Ti)l/(a_l)
Write O; = O; + P;;V; to slow memory
end for

- end for
- Return O.

@ How to leverage sparsity to speed up computation?
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AdaSplash:
Adaptive Sparse Flash Attention

The goal is to keep refining 7 and and use the sparsity to
skip redundant loads + computation.

K —
M;; = 1[F;; > 0]
. X
I Q | 1%
H B
N -

"Dynamic” block mask

Keep track of which block
have non-zeros.
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AdaSplash:
Adaptive Sparse Flash Attention

i Q; ={j| M;; =1} (non-zero cols)
i H B IC; = {i| M;; =1} (non-zero rows)
H B
N
J

Efficient backward pass!

dQ, =Y dsY K,
JEQ;

dK; = Z dSz(j) - Q;
1€K;

dv; =Y PY .do,

iE’Cj
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AdaSplash:
Adaptive Sparse Flash Attention

] Q; = {j| M;; = 1} (non-zero cols)
H B IC; = {i| M;; =1} (non-zero rows)
i

Efficient backward pass!

. - ey~ EjES’(z) Uj
dQ, = z dS,,(;J) . Kj Jsparsemax(2) v =8O (v —01), with ¢ := W
) Interestingly, if sparsemax(z) has already been evaluated
dK; = Z ds;’ - Q, (i.e., in the forward step), then so has S(z), hence the
iek; nonzeros of Jsparsemax(2) + v can be computed in only
() O(|S(z)|) time, which can be sublinear. This can be an im-

dv j— Z P i dO; portant advantage of sparsemax over softmax if K is large.

1€k (Martins and Astudillo, 2016)


https://arxiv.org/pdf/1602.02068.pdf

AdaSplash

— FlashAttention-2
2.0 = AdaSplash

=
o
1

o
0

Relative Speed (vs. FlashAttention-2)
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o
I
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- AdaSplash

—_— FlashAttention-2
2.0 = AdaSplash
== AdaSplash (WIP)

=
o
1

0.6 -

Relative Speed (vs. FlashAttention-2)
|—I
N

o
I

50 60 70 80 90 100
64 x64 Block Sparsity (%)

72



AdaSplash

Table 1. Results for single-vector retrieval models on different
tasks from the BEIR benchmark in terms of nDCG@ 10.

Model Seq. SciFact NFC FiQA TREC-C

RoBERTa 512 517 231 278  60.1
RoBERTa (o = 1.5) 512 508 242 276 710
RoBERTa (o = 2.0) 512 522 238 257 655
ModernBERT 8192 577 224 257 676
ModernBERT (o = 1.5) 8192 584 257 29.6 752
ModernBERT (o = 2.0) 8192 58.0 254 293 71.1

8K context length



AdaSplash

Table 1. Results for single-vector retrieval models on different
tasks from the BEIR benchmark in terms of nDCG@ 10.

Model Seq. SciFact NFC FiQA TREC-C

RoBERTa 512 517 231 278  60.1
RoBERTa (o = 1.5) 512 508 242 276 710
RoBERTa (o = 2.0) 512 522 238 257 655
ModernBERT 8192 577 224 257 676
ModernBERT (o = 1.5) 8192 584 257 29.6 752
ModernBERT (o = 2.0) 8192 58.0 254 293 71.1

8K context length



AdaSplash

Table 1. Results for single-vector retrieval models on different

tasks from the BEIR benchmark in terms of nDCG@ 10.

Model Seq. SciFact NFC FiQA TREC-C
RoBERTa 512 517 231 278 60.1
RoBERTa (a = 1.5) 512 508 242 276 710
RoBERTa (a = 2.0) 512 522 238 257 655
ModernBERT 8192 577 224 257 67.6
ModernBERT (o = 1.5) 8192 584 257 29.6 75.2
ModernBERT (o = 2.0) 8192 58.0 254 293 71.1
8K context length

Table 3. Results on language modeling with GPT-2 in terms of
final validation loss and accuracy on the HellaSwag task (Zellers
et al., 2019), along with the average runtime per training step (in
seconds) and peak memory usage (GB) per GPU.

Model Val. Loss HS Acc. Runtime Memory
GPT-2 3.283 304 0.98 525
GPT-2 (o = 1.5) 3.263 30.6 1.03 52.5
w/ Torch sorting - - 3.61 73.8
w/ Torch bisection - - 7.78 77.6
1K context length
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AdaSplash

Table 1. Results for single-vector retrieval models on different

tasks from the BEIR benchmark in terms of nDCG@ 10.

Model Seq. SciFact NFC FiQA TREC-C
RoBERTa 512 517 231 278 60.1
RoBERTa (a = 1.5) 512 508 242 276 710
RoBERTa (a = 2.0) 512 522 238 257 655
ModernBERT 8192 577 224 257 67.6
ModernBERT (o = 1.5) 8192 584 257 29.6 75.2
ModernBERT (o = 2.0) 8192 58.0 254 293 71.1
8K context length

Table 3. Results on language modeling with GPT-2 in terms of
final validation loss and accuracy on the HellaSwag task (Zellers
et al., 2019), along with the average runtime per training step (in
seconds) and peak memory usage (GB) per GPU.

Model Val. Loss HS Acc. Runtime Memory
GPT-2 3.283 304 0.98 525
GPT-2 (o = 1.5) 3.263 30.6 1.03 525
w/ Torch sorting - - 3.61 73.8
w/ Torch bisection - - 7.78 77.6
1K context length
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Sparsity of a-entmax attention

1 1 1

Iw —> Dense

-0.2

it sdns o= Sparse

Layer

12 11 10 9 8 7 6 5 4 3 2 1

Figure 4. Ratio of non-zero attention scores for GPT-2 (o = 1.5).
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Final Thoughts

* Strong generalization
- outperforms Mamba-3

* On par, or better than softmax

* Triton, not CUDA
» Academic budget

LRVA
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Future Directions

« Can we learn faster with sparse attention?
- top-k attention apparently does [1]

- data efficiency

* Mix dense and sparse attention %
- Early layers are dense
- Final layers are sparse

* AdaPrefill and AdaDecoding =

* New AdaSplash versions =

- Faster, better, more optimized
- Stay tuned!

[1] Transformers Learn Faster with Semantic Focus. Ram et al., 2025

Training Loss

BAND(5)
BAND(5):1
BLOC(5)
BLOC(5):1
TOPK(5)
FULL
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Extra slides



a-entmax Attention

Extensively tested on many tasks and domains!

Interpretability [1, 2, 3, ...]
Machine Translation [1, 2, 3, ...]
Language Modeling [1, 2, 3, ...]
Retrieval and Memory [1, 2, 3]
Emergent Communication [1, 2]

Conformal Prediction [1]

a-entmax(QK ')V
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a-entmax Attention

Extensively tested on many tasks and domains!

Interpretability [1, 2, 3, ...]

Machine Translation [1, 2, 3, ...]

a-entmax(QK ')V

Language Modeling [1, 2, 3, ...]

Retrieval and Memory [1, 2, 3]

usually

\Y;
Q
|
[\
o
Q

a = 1.0 (softmax)

Emergent Communication [1, 2]

Conformal Prediction [1]
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Sparsemax Attention (a = 2)

Si={je€n]:p; >0}, 7,=17(Kgq,)

j=1

— (a; kj — 7i) v;
JES;

= (q:kj) V; —TiZ’U]
JES; JjE€S;

= Z v (kqu) — T Z v;
JES; JES;
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Sparsemax Attention (a = 2)

S; ={j € [n] L Pij > 0}, n=1(Kgq,) vectorized format:
n b L ifjes
Y, = Z max (q,LTkj Ti s O) v; v 0, otherwise
j=1
=3 (¢ k; —7) v, Y = (Do QK ')V —diag(t)DV
JES;

I
~~
Q
=
o
<
~—
e
.
|
3
e
<
|

DoOQK' — D@TlT)V

<
M
%)
<.
M
%)

|

Do (QK' - ‘T].T)) 1%

i (
= ZZ v (k;qz) — T Z@ V; (
(

.Dc>QRT)
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Sparsemax Attention (a = 2)

Within an active support region (fixed D),

sparsemax attention is akin to selective and normalized linear attention!

What about 1.5-entmax? Mixture of first- and second-order interactions!
=> selective and normalized quadratic attention
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Self-Attention

query keys values
QeR” KecR™ VR

attention(Q, K, V') = mw(score(Q, K))V
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Self-Attention

query keys values
Q c RnXd K € RnXd V c RnXd

attention(Q, K, V') = mw(score(Q, K))V

1. Compute pairwise scores Z = score(Q, K) e Rnxn
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Self-Attention

query keys values
Q c RnXd K € RnXd V c RnXd

attention(Q, K, V') = mw(score(Q, K))V

1. Compute pairwise scores Z = score(Q, K) e Rnxn

2. Map rows to probabilities P =r7n(Z) e R™"
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Self-Attention

query keys values
QeR¥ KeR™ vV eRY

attention(Q, K, V') = mw(score(Q, K))V

1. Compute pairwise scores Z = score(Q, K) e Rnxn

2. Map rows to probabilities P =n(Z) € R™™"

causal masking Z =M Z+ -MOqb (_OOan)

o 2] -l h LA e W M L (=}
1 L L 1 1 1 L L 1 1

T T T T T T T T T T
0 1 2 3 4 5 6 7 8 9
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Self-Attention

query keys values
Q c RnXd K € RnXd V Rnxd

attention(Q, K, V) = w(score(Q, K))V

1. Compute pairwise scores Z = score(Q, K) e Rnxn

2. Map rows to probabilities P =n(Z) c RV"

softmax(z); = exp(z;)/ ), exp(zx)
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Multi-head Attention

Multiple attention heads allow the model to jointly attend to different representation subspaces

multihead(Q, K, V') = concat(heady, ..., head, )W
head; = attention(QWY, KWX vw))

Layer:| 5 3 Attention:| Input - Input ¥

|
The_ The_
animal_ animal_
didn_ didn_
t .
cross- cross- Different heads often specialize
e_ e_
o street_ to focus on different patterns!
because because
it_ & It
Was_ Was_
TUO_ tDU_
tire tire

d d



Absolute Positional Encoding

Attention is inherently order-agnostic. We need to add position information!

EMBEDDING
WITH TIME
SIGNAL

POSITIONAL
ENCODING

EMBEDDINGS

INPUT

o POS
PE(pOS,27,) — Sin (100002i/d

S
I
x+ [

Je

)

_ pos
PE(pos,2i—|-1) = COS (100002i/d)

e [ ] []
b T [ 1]
x> [

Suis

x (T

t3 |

-+

xs NIRRT

étudiant




The Core of Transformers

Self-attention allows tokens (x4, ..., «,) to attend to each other

Q T
Q = XWQ c R
K=XWjg c R™¢ X
o softmax
V=XWyeR \/I

Z = score(Q, K E@_—\
(Q, K) > quadractic complexity

P =n(Z) e R™"
O = PV ¢ R™¢
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The Core of Transformers

Self-attention allows tokens (x4, ..., «,) to attend to each other

Q T
softmax( )
Vi
Q=XW, cR™ . Z =score(Q, K) € R™™"
K=XWgeR™ | P=nu(Z)eR™

V=XWyecR" | 0=PVecR™
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Sparse Attention

Method Adaptivity Flexibility Differentiability Time Cost Memory Cost

Fixed Pattern Methods

Window Attention

Low Low Full O(nxw) O(nxw)
(Longformer, Sparse Transformer)
Global Attention
! Low Low Full O(nxg) O(nxg)
(Longformer)
Rand Attenti
andom Attention Low Low Full O(nx(w+g+r)) O(nx(w+g+r))

(BigBird)

Dynamic Token Selection Methods

Top-k High Medium None O(n logn) O(nxk)
LSH-based High Medium Approx O(n logn) O(n logn)
(Reformer)
Clustering . .

High Medium Approx O(nvn) O(nxc)
(Routing Transformer)
Probability
a-entmax High High Full O(n” log n) 0(n?
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Efficiency

Sparse transformer

Longformer

Reformer

N EEEN

Routing transformer

[ |
[]
= [ ]
L
- [ ]
BigBird
* K
* K *
*
*
*
*
* * |

Our approach

98


https://arxiv.org/abs/1904.10509
https://arxiv.org/abs/2004.05150
https://arxiv.org/abs/2007.14062
https://arxiv.org/abs/2003.05997
https://arxiv.org/abs/2001.04451

Sparsefinder

a) Extract a-entmax graph G,

& > &
& & *0*6$ & '\0& & F x‘b‘q}‘% S
C‘) Cf o o O O O O O
o 0o O O O O O O O
b) Project and group q; and k; c) Add local + global patterns
*
*
OOO O * | %
o © o O~0 * | % % *
O = *
0~ 0O o *
/ o°9o. : of
O * * | %
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Efficient Sparsefinder

* Learn projections of contiguous-chunked tokens: block-sparsity

0.05 I
e
004 T E _6 l //‘/.
—
@Q
; —8 1 —= - BigBird
0.03 1 2 —&— Sf. k-means (v1)
-0 = Sf. k-means (v2)
g
234 8 16 22

Number of attended blocks

Number of attended blocks

v1: top-k queries and keys closest to each centroid
v2: top-k queries for each clusters x top-k keys for each cluster
k = number of attended blocks

window size = 3

100



