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Not all Sequences are Causal

Image classification i
Masked Language Modeling (MLM) Dog [""‘I":j |
Diffusion LLMs
DNA modeling

Sometimes all tokens are available in tasks like:

VAT TN

Image classification

new

I

Masked Language Modelling

D@ .. .
happy [Mask] vyear

DNA Modeling Masked Language Modeling
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Bi-directional Transformers

Examples of Bi-directional Transformers:

* Vanilla Transformer [Machine Translation] Transformer Encoder j
+ Vision Transformers (ViT) [Vision] iyt - g8 @fb S e & @) 6) 8)
[ll 1I lll]l ng Lmear ijecuon of Flattened Patches ]
e Ridi : : SEE T T T ]
Bidirectional Encoder Representations from - IHI%{W o Lk
Transformers (BERT) [MLM] Al i

Large Language Diffusion Models (LLaDA)

Vision Transformers (ViT)

i.

i /@Km e s\

BERT

[ea e ] [ElEswlle ] [&]
=R SEE. 5
Masked Masked Sentence B | Question ‘_ Paragraph
\ eeeeeeeeeeeeeeeeeeeeeeeeee / \\K Question Answer Pair ) /

Pre-training Fine-Tuning




Bi-directional SSMs

x ‘{ Forward Forward

Examples of Bi-directional SSMs: | { ara Lx

Convld SSM
[ S—
[B kward | (Backward
ackwar ackwar .
Norm Convld SSM T o/ ¥

hhackwa.rd
—z —-{ Activation

sayored pappaquig

Vision Mamba (Vim) [Vision]

* Hydra [Vision, MLM]

Vision Mamba (Vim)
* Caduceus [DNA] -
T g —— A

Lyra [DNA] ["‘"’""‘]

.....

Caduceus Hydra



Transformer—-SSM Trade-offs (in
Bidirectional Form)

Model Training Speed Inference Efficiency
Transformer x
SSM )4




Transformer—-SSM Trade-offs (in

Bidirectional Form)

Model Training Speed Inference Efficiency
Transformer x
SSM )4

Model | Top-1 Acc. (%) | Train Time ()

Small Base Small Base

ViT 72.2 77.9 x1.00 x1.00

DeiT 79.8 81.8 x1.00 x1.00

Hydra 78.6 81.0 %x2.50 x2.51

Vim 80.3 81.9 x14.95 x10.86

Training Speed on ImageNet-1K Classification




Transformer—-SSM Trade-offs (in
Bidirectional Form)

Model

Training Speed

Inference Efficiency

Transformer

SSM

X

Model | Top-1 Acc. (%) | Train Time (])
Small Base Small Base
ViT 72.2 77.9 x1.00 x1.00
DeiT 79.8 81.8 x1.00 x1.00
Hydra 78.6 81.0 %x2.50 x2.51
Vim 80.3 81.9 x14.95 x10.86

v

Training Speed on ImageNet-1K Classification
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2 SSD Algorithm
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Semiseparable Matrix M
Block Decomposition

Diagonal Block: Input — Output
Low-Rank Block: Input — State
Low-Rank Block: State — State
Low-Rank Block: State — Output




Transformer—-SSM Trade-offs (in
Bidirectional Form)

Model Training Speed Inference Efficiency
Transformer x
SSM X
Model | Top-1 Acc. (%) | Train Time (]) gA ] [ 7 } 251 cihan L
Small Base Small Base Z T /: % }BA = f — C7 AcoBs BIockDefomposition
VIT | 722 779 | x1.00  x1.00 e v S oS —

. S iagonal Block: Input — Output
DeiT 79.8 81.8 x1.00 x1.00 T LowRankBlock| .
Hydra 78.6 81.0 x2.50 X 2.51 D:l:l |:|:|:| D:]:l ] puetan B put = 2t

- : ' : ’ Outputs Y Low-Rank Block: State — State
Vim 80.3 81.9 x14.95 x10.86 :‘? :‘(,> / 7 [ Low-RankBlock: State — Output

mus x [(TT1- L1~ CLO]
2 SSD Algorithm

Training Speed on ImageNet-1K Classification

. 3 Flash Linear Attention: Fast Chunkwise Parallel
* Training




Why Bi-directional Linear Attention?

Can Bidirectional Linear Attention ...

* Train as fast as Transformers in fully parallel form?
* Be as efficient as SSMs during inference?

* Support chunkwise processing for balanced
memory-speed trade-offs?



Causal Linear Transformers

(di, ki, vi) = (xiWq, x; Wy, x;Wy)

Y = softmax(QKT 1 MO) V, y; = Z iexp(qz JT) v, MC c {—OO, O}LXL
j=1 > p—1xP(q; kp)
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Causal Linear Transformers

(i ki, vi) = (x;Wq, x; Wy, x;Wy)

Y = softmax(QKT -+ Mc) V, y;, = Z ieXp(qi ij) v, MC € {—o0,0}LxL
j=1 szl exp(q; kp)

q;r S;

=
q; Z;

Y =Scate (QK' oMYV, S;=8S,.1+kiv,, zi=2z_1+k; yi= , MY e {1,0}F*E
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Causal Linear Transformers

(di, ki, vi) = (xiWq, x; Wy, x; W)

: eXP(qu') C LxL
Y = softma}»c(QKT + MC) V, y;,= - v Y v, MY € {—00,0}""
jzzl Zp:l eXp(q;rkp)

q@-T S;

=
q, Z;

Y =Scate (QK' oMYV, S;=S,.1+kyv,, zi=z_1+ki, yi= , M e {1,0}*L

H?I:c:j—}-l)\k: 12 J;

Y =Scate (QK' o M)V, S, =\8S,1+kiv,], M¢ = T
’ + 0, i < J.
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Causal Linear Transformers

Model

Recurrence

Memory read-out

Linear Attention [48, 47]

+ Kernel

+ Normalization
DeltaNet [101]
Gated RFA [81]
S4 (32, 106]
ABC [82]
DFW [63]
RetNet [108]
Mamba [31]
GLA [124]
RWKV-6 [79]
HGRN-2 [92]
mLSTM [9]
Mamba-2 [19]
GSA [131]

Gated DeltaNet [125]

S: =Si—1 + ’Utk;r

S =S¢1+ Ut¢(kt)T

St =S¢-1+ vt¢(kt)T, 2zt = z¢—1 + o(ky)

S: =S:1(I— ﬁtktktT) + ﬁt’vtkz

S: =g:Si—1 + (1 — gt)’UtkI, zt = gizi—1 + (1 — gi ) ks
S; =S¢ 1 ®exp(—(al') ®exp(A)) + B o (v:1')
St =Sk +kig,, ST =Si_1+vidhy

St =8:-1 0 (Btal) + vk,

S: =¥S¢—1+ ’UtktT

S, =S;_1 ®exp(—(a:l') ® exp(A)) + (o © ve)ky
S, =S:i_1 ® (loy ) + vik; = S;_1Diag(as) + vik;
S: = S:_1Diag(a) + 'vtkz

S: = S;_1Diag(a;) + v:(1 — at)T

St = ftSi—1 + z't'vtkl, 2zt = frze—1 + itk

St = 7S¢—1 + 'vtkI

Sk =S¥ | Diag(a:) + kipy, SY = SP_, Diag(au) + vy

St = Se1 (au(1 - Bikikr) ) + Broik]

O = StQt

o: = S:¢(qt)

or = Si(ar) /(2 $(ar))
O = StQt

O = StQt/(thqt)

0. =(S:©C)1+do v
o, = S} softmax (S¥g:)
O = StQt

O — StQt
or =S:q: +d O v
O = StQt

o = (Si—1+ (d©® ’Ut)kz)lh

Oy = StQt
T
O — StQt/ma'X{la |zt Qt|}
Oy = St‘]t
o¢ = S} softmax (S q¢)

O¢ = StQt

?Can have bi-directional framework for above linear transformers.
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Key Components of Bidirectional
Linear Transformers

* Full Linear Attention
 Equal Bi-directional RNN
* Chunkwise Parallel Representation
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Key Representation of Bidirectional
Linear Transformers

 Full Linear Attention

15



Full Linear Attention

Y = softmaX(QKT) V

Full Softmax Attention
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Full Linear Attention

Y = softmaX(QKT) V

Y = ScaLe (QK' M)V

Full Softmax Attention

Full Linear Attention

17



Full Linear Attention

Y = SoftmaX(QKT) Vv Full Softmax Attention

Y = SCALE (QKT ® M) V Full Linear Attention

( _ . .
H;’cz%j)\k’ 1> o
M;; =41 i=7, M;; =M=l My =1,
\H?c:i—l—lAk’ 1 < ]




LION-Full Linear Attention

Y = SoftmaX(QKT) V

Y =ScaLe (QK' M)V

(e o7 - qlkp )
as ki qiks -+ qikg
\ a/ki a;ke -+ aqjkp )

\ A=QK'

Full Softmax Attention

1>
=17,
i < 7.
( 1 Ao A2 3
A\ 1 A3
® A1 Ao Az 1

\ AL-1- A1 Ar-1cA2 ApoicccAz oo

Full Linear Attention

_ i
M;; =AM,

-~

This is full parallel form for training!

O U U

Anti-Causal

Causal

Diagonal
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Key Representation of Bidirectional
Linear Transformers

* Equal Bi-directional RNN

20



Equivalent Bi-directional RNN for
Linear Attention

(ki alke - aike | [ laTk \ [ ldk ok - alks )
ki ajk: - ajke [ [ aiki jajk N lagks -+ ajkg
\ ofki afke - afk ) \ afki alke - balki )\ lafks

A=QK' AF AB

21



Equivalent Bi-directional RNN for
Linear Attention

(@l afke - afk \ [ Lalk \ [ iafki alke - olks )
ki ajke - ajky [ [ aiki jajk N lagks -+ ajkg
\ ki ajke - qikr /] \ a/ki qlke - ialks )\ lajks |
A=QK' AF AB
( 1 Ao A2 A3 Az---AL\
[ 1 N1 A A Az An )
A1 1 A3 D TS Y Ay 1 1 As o Az AL
Ao Ay 1 D VEEES Vo I A1z A2 1 + 1 b VERED VRN I |
\)\L—1"')\1 AL_1-*As AL_1-+Ag .- 1} \ 1 }
\)\L—1"')\1 DTSR EETD P NIRRT ST 1 } N ~— PN ~— .
N ~ - M M
M
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Equivalent Bi-directional RNN for
Linear Attention

(afks ofke - afke | [ lafk \ [k afke - ks )
ki gk - gk | | ajki zqike N sasks - aikg
\ ki ajke - qikr /] \ a/ki qlke - ialks )\ lajks |
A=QK' AF AB
( 1 A A2 A3 Az---AL\
[ 1 N 1 A XA o AgeeeAp )
A1 1 A3 Azt AL A1 1 1 s A3+ Ap
A A 1 A Ap | = A1 o A 1 + 1 PVREED VRN I |
A AL A A2 A A 1 1
\AL ———— A AL_1°"" Ay Ap_ Az 1 ) \ L ! Lt jF L-1 = } \ VB }
~ - M M
M

Y = (SCALE(QK' 0 M))V = (C_l(QKT ®©M))V

Ci = q;l_ Z;Zl Mijkj 1 k + q; Z Mz_jk k

A o

CF CB 23




Parallel Form for Diagonal Decay

Y=(C'+CPh ' AFoM"+A"oMP+ AP oM +tAP o MP — AF 0I- AP 0I)V
}XEQJI

A -

ABOI

=(CF + CB)Y Y (AFQMF)VJ—FL(AB@MB)V).

WV
FORWARD

o
~

BACKWARD

The backward (anti-causal) component of full linear attention is
equivalent to a recurrent neural network operating in the reverse direction.

(lqsz \
2QIZL
T o
qa;_ .k quflkL—l
a5 zL 2 q,zL
\ a; ki a; ko1 19] ki
q; zL q{ zL 2q)zL }
\ B
F(A”)

VL

AL 1 vI—l

ALAL_1 AL—1 1 v]_,

AL---Az Ap---Ag Ap-e-Ag 1 VT
F(MPB)

Y =(CF+CB) Y YF + YB), where

YF = (AF oMF)V, YB =(ABoMPB)V = FLIP((F(AB) © F(MB))FLIP(V)).
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LION-RNN

F/B _ y oF/B ol ik
S; ' = A8l kv, (19a) yf/B = q@'TSZE/B -3 5 Vi (20a)
zf/B — )\izf_/ig + ki, (19b) FyyB

F/B F/B q-Tk. OUTPUT: y; = % sy
C; S Q' z . %7 (19¢) G T




LION-RNN

F/B _ \ oF/B v ks
S, = AiS; L + kv, (192) yZF/B = Qz‘TS;F/B_qz? ~ Vi, (20a)
217 —\al/P 1k, (19b) FyyP

F/B /B Qi ki OUTPUT: y; = % (20b)
¢;'” =q;'z; _%a (19¢) G T




LION-RNN

SF/B = \SF/B 4 kv], (19a) F/B _ q_TS;/B_quz-V_

2F/B — 2zF/B 4k, (19b) oF 35
T1.. OUTPUT: y; = “%o— =

1B — Z-Tzf/B—qu@, (19c) c; +¢

(20a)

(20b)

e LION-LIT for A\; = 1 which is bi-directional form of Vanilla Linear Transformer [25].
* LION-D for A; = A fixed decay, and bi-directional form of RetNet (with scaling) [44].

* LION-S , where \; = o(Wx; +b) is the bidirectional extension of GRFA [34] (with shifted
SiLLU activation) and also inspired by the selectivity of Mamba2.
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LION-RNN

SF/B = \SF/B 4 kv], (19a) P/ _ q_TS;/B_quz-V_

25/B — 3,278 1k, (19b) oF 33
Tl OUTPUT: y; = 4%

/P =q Tz /P (199 cf +cf

(20a)

(20b)

e LION-LIT for A\; = 1 which is bi-directional form of Vanilla Linear Transformer [25].
 LION-D for A; = A fixed decay, and bi-directional form of RetNet (with scaling) [44].

* LION-S , where \; = o(Wx; +b) is the bidirectional extension of GRFA [34] (with shifted
SiLLU activation) and also inspired by the selectivity of Mamba2.

For diagonal forget gate: S; = A;S;_1 +k;v,

(QoL) (KoInv(L))"
N—

Y=MV

M,;; = Q;r AS(;«;(AS:j)_l K; = Y = TRIL

Q M OAMOA .. A) A OA OX .. A) K = Li=X0M0--0A O
1

(Q@ @AO@Al@Ag...Ai)T(A()QAl@AQ...AJ')71®KJ' U’i = (AD@Al ®®A1) L = cumprod(D),

LY = cumprod(D), with D; = DIAG(A;)
L? = cumprod(Flip(D)), with D; = DIAG(A;)

Y = (TrIL | (QO L") (K @Inv(LF))T} + TRIU [(Q oL®) (K @Inv(LB))T} )V (81)

(82)
(83)

with D; = DIAG(A;)
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Block b) Attention Parallel c) RNN Recurrence

’_—————————————————————~

I ¢ v !
| o
| |
[ Norm ] ! @ale : E Inv
1 | I 7y
s | ) | +)
| "\ Lo
(D : ‘ i i ‘ i Lo +
+ Sequence ! ! : |
1 .
! Mixer /: ! A M i | yF cF cB yB
: | S | [ [
[ Norm ] : 5 L
| : [
| | |
’Cb i ' 11 1" Forward Backward
1
|
{ Channel J i MF MB : | Recurrence Recurrence
Mixer I j JL Jr
| ) I T
/e
| ; Lol i ©
1
|
X : [ Proj |/ ] [ Proj k0 J [ Proj 3 } o
! ¥ A 3 . Proj
| T o KQVa
' I
\\ I' \ I
\
N X /! AN X
Forward Sequence Modeling Backward Sequence Modeling Non-Linear Operations
29
Input Projections Channel Mixing Block Sequence Mixing Block
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Bi-directional Linear Transformers

Model Causal Recurrence L10ON Bi-directional RNN L1ON Full Linear Attention
LinAtt [25] S;=S;_1 +k; v/ SI/B — 8B 4 xiv] Y = QKTV
yi=a; S v, P =aqi (S{"% = ikivi), yi=yF+yP
F/B _ F/B F/B T/ F/B 1
. z;, = 2z;1 +Kk; z;, = +ki, ¢’ =aq; (z;7 - ki)
+ Scalin | 8 Y = SCcALE(QK ")V
& y;, = qiT Si/q;r Z; yf/B =4qj (SF/B lki i)y Yi= 3;;12’}3 LION-LIT K0
Si = ASi_1 + ki v, SIP = \8T7% 4 kv] = (QKT @ M)V,
RetNet [44] y. =qF S_l F/B _ gF/B _ 1 B M. EQ)\Ii—j )
' Y yfr/B ti/(Bz 2 11:‘/,33)? i~ )1;7B+ Yi v
_ z; = \zi_1 + ki z,'” =Xz 'y +ki, ¢ =q (2 ki) Y = ScALE(QKT & M)V,
+ Scaling v. =ql S./q; 2 yF/ — (SF/B —k-v-) y; yj;+y§ LION-D M,; = \li—il
i 1 i i 2 1 Fe T
S, — o(W)Ses 4 kevT sP — 7 o(Wx:)S; /0 +kiv) Y = ScALE(QK T & M*)V,
Gated RFA [34] 2 = ; (W:Z)Z:ll-F ki a Vip > F/B F/B _ F/B _ 1 N if i > 5,
o St 7z, " =o(Wxi)zi [y +ki, "7 =ai' ("7 —gki) My =T N\ ifi <,
Lo /P = qT(SI/P — ki), yi=¥tY Lion-s 1 if i = j,
Mamba.2 Si=ASi1+kv/] SI7B = ;8T8 L kyvT Y = (QKT @ M)V
amba-2 [6] y. =q! S, F/B _ SF/B 1k _ O F . B M = M*
i = G D yi'~ =di'( iVi), Yi=Yi tV¥i .

. F _ my: F F\~
RWKV-6[37] S, = Diag(\)Si_1 + k; v SF/B — Diag(); SF/B +lav] Y* =Tril(Q o L*)(K o (L¥) B A%
Mamb i g B . B By—1

amba [13] y. =q7 S; F/B gF/B _ 13 _ F 4 B Y® = Triu(QoL®)(Ko (L7) )V
GLA[ ] % i M Y; =q; ( i 2 zvz)r Yi=Y; +y7; Y=YF +YB
F _ s F Fy—1
HORNA S; = Diag(\)Sio1 + (1 - A)v]  SI/% = Diag)SI/Z + (1= M), ki=(1—-)) Y ~TQOL)KO LY )V
=2 1ol yi=4a; Si yF/B:q-T(SF/B kv-) v, =yl +yB Y® =Triu(QoL®) (Ko (L%) )V
i 1 % tYr)y 1 i i Y :YF +YB
. . SF/B — fZ F/B +i; kv, Y = SCALE,,:(QUT) 0 M)V,
Sz- = fiSi-1 +i ki v, y qz S; I e ifi>j
xLSTM [3] = fzz1 1+ kg — £7P ik, B = g T (T — 1k M. = d e
o i & i3 4 q; i K4 ij = Hi—l—lfk ifi < 7,
v =al Sufmax(lal =1, 1) yF/B q (SF/B lkv), ¥y Y by 1 ifi =j
i =q; i — 5 KiVi), ¢ = max(cF+cP,1) Y
Y = (QK')TV,
DeltaNet [52] S; = (1T_ Bikik])S;_1 + Bikiv]  87/F =(1-Bkk])S[' +Bik;v] TF: 3(TF +T5), T 14
y,=a S, yF/B = 4T (S8 Zlkv,), yi=yF +yB TF = (I + tril(diag(8: KK, 1))~ diag(5y),
T? = (I + triu(diag(8:)K.K,', —1))~'diag(8:)
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Key Representation of Bidirectional
Linear Transformers

* Chunkwise Parallel Representation

31



Chunkwise Parallel Form of LION

a1k, qik; q1ks q1ks q1ks q1ke q1k; qiks q1ko
a2k, azk; qzks a3 ks qzks a3 ke azk; a2 ks azko
a3k, qzk; qzk; qzks qzks qzke qzk; qzks qzko
q1k1 qikz qug q£k4 q£k5 qike ‘Iﬁk7 qlks £k9
qgk1 qgkz q€k3 q§k4 qgks qgke q§k7 qgks qgk9
qeks qsk: qeks qeks qeks qéke qeks qeks qeko
a7k, q7k; q7ks a7k, q7ks q7ks q7k; q7ks q7ko
Q [3] K [1] T | aki  abks  afks | abke  qbks  qbke  afk,  dalks  alke
a5k, q5k; q5k; q5ks qsks q5ks q5k; q5ks q5ks

A= QKT



Chunkwise Parallel Form of LION

1 A A? A3 At A5 A6 A7 A8
A 1 A A% A3 14 15 26 27
22 yl 1 2 A2 23 24 25 26
A3 A? A 1 A A? A3 At A5
Y A3 A? A 1 A A? A3 At
25 24 23 22 y) 1 y) 22 A3
25 25 A 23 22 A 1 2 22
T
1 Al i —j | A7 A® A5 At A3 A? A 1 A
L A8 A7 28 a5 At A3 A% A 1

<
]

Ai-il =



Chunkwise Parallel Form of LION

1 A Aods  Agdsdy  Ag s Agede | Az Ay Az dg Az Ao
A 1 A3 Asdy  Asdgds Az Ag | Az Ay Az Ay Az .. Ao
AAs A 1 e dads  Aadshs | Ag Ay Agdg Agen Ao
MAsds  Agds A3 1 s Ashe | AsAeds  As.. g As .. Ao
Mody  AAsdy  Asdy Aa 1 e Aedy  Aghidg g Ao
Mo ds Ay ds  Ashads | Aeds As 1 p g Ardgle
- Modg  Agdg Az dg | Aadsds  Asde e 1 g Agho
LF [1] 1 Mdy  Agdy Azl | A Ay AsAeds  Aehs p 1 2o
3]
LF [ Mowdg Agdg Azsdg | dg g Asdg  Aedsdg  Ardg g 1
(L LT ifi > 7,
o L{, = cumprod(A)ic41:(i41)C
\Tl’ﬂ Lf:] Ll[;:] T) + Triu (Lﬁ] Llﬁ] T) 1 ifi= ;. L[z] = cumprod(th()\))ic+1:(@-+1)c




LION-Chunk

Arj] = QK[ ©Myj,  Cpj = Cujyy +Sum(Ay;),  Spj) = Spj—y + A1V, Y =

Siin
Cpin

21)
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LION-Chunk

S
_ T _ _ __ O[N]
At = QuKy) O M), Cpis) = Cig—y +Sum(Aig)), - Spiay = Spg—u + A Vi, Y=g @D
i
=@=Full Attention Chunking RNN =®=Full Attention === Chunking RNN =®=Full Attention Chunking RNN
80 OoM | 80 | 80 QOM
'l i ! /
~ é o~ I~ o~ I~ / =
% 601 / g : % 60 1 é :% 601 / é
~—~ 104_ 1 - 4 1~
NI £ al g1 NI £ 10
2 401|= ! = d 1 £ = 14012 - ¥ 4
2 | 3 /1S 3 s |la 7 3 /
= ’ 5 /| iz 5 = / 5 /
_;J ~ / : o : ) a /
0] 10 d 0" 10° i 0] 103 &
D XD L0 © Ne} D D XD L0 o el > S Re) D Vsl o N} D
(,;\%(\”J \QW \(}b‘ \c?) q:)‘o’ (,3\()'/\“3 qu/ \qy%i (’)\%\% \QW\/%V \(,;5 %@ 5\%/\“} \QW \q}b‘ i (,)\q’ e qu/ \q’b‘ \(,;) (,3\% e \Q’L
Resolution Resolution | Resolution Resolution | Resolution Resolution
I I
I I

LION-D



Experiments

* Masked Language Modeling

Model | MLM Acc. | GLUE | Train. time

BERT 69.88 82.95 x1

Hydra 71.18 81.77 x3.13

LION-LIT 67.11 80.76 x0.95

LION-D 68.64 81.34 x1.10

LION-S 69.16 81.58 x1.32

80 Op

70 —e— BERT —— Hydra g
LION-S LION &
60 —e— BERT 601 S
—=— LION-LIT E

7)1
)

Accuracy
N
<

[}
o

301} e

GPU Memory (GB)

:H—Out of Positional Encodings

o

201

| _.Training Sequence Iength "

0 200 400 600 800 1000 0 5000 10000 15000
Sequence Length Context Length



Experiments

* Image Classification

801

~l
o

GPU Memory (GB)
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<
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Linear Vision Transformers Require
Multiple Scans
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Future Directions

* Using LION Masks as 2D Positional Embeddings in Softmax Transformers
* Leveraging LION to Accelerate Hydra’s Training
* Extending LION to Other Domains: DNA and Diffusion Language Models
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https://github.com/LIONS-EPFL/LION
https://lions-epfl.github.io/index.html
https://arxiv.org/pdf/2502.16249
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